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ABSTRACT: In this paper we investigate the vacuum polarization effects associated with
quantum fermionic charged fields in a generalized (d+ 1)—dimensional cosmic string space-
times considering the presence of a magnetic flux along the string. In order to develop
this analysis we calculate a general expression for the respective Green function, valid for
several different values of d, which is expressed in terms of a bispinor associated with the
square of the Dirac operator. Adopting this result, we explicitly calculate the renormalized
vacuum expectation values of the energy-momentum tensors, (T§> Ren., associated with
massless fields. Moreover, for specific values of the parameters which codify the cosmic
string and the fractional part of the ratio of the magnetic flux by the quantum one, we
were able to present in closed forms the bispinor and the respective Green function for
massive fields.
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1. Introduction

Braneworld model has received renewed interest in recent years. By this scenario our
world is represented by a four dimensional sub-manifold, a three-brane, embedded in a
higher dimensional spacetime [, PJ. The idea that our Universe may have more than four
dimensions was proposed by Kaluza [fJ], with the objective to unify gauge theories with
gravitation in a geometric formalism. Of particular interest are the models introduced by
Randall and Sundrum [@, E] The corresponding spacetime contains two (RSI), respectively
one (RSII), Ricci-flat brane(s) embedded on a five-dimensional Anti-de Sitter (AdS) bulk.
It is assumed that all matter fields are confined on the branes and gravity only propagates
in the five dimensional bulk. In the RSI model, the hierarchy problem between the Planck



scale and the electroweak one is solved if the distance between the two branes is about 37
times the AdS radius.

Although topological defects have been first analysed in four-dimensional spacetime [,
[, they have been considered in the context of braneworld. In this scenario the defects
live in a n—dimensions submanifold embedded in a (4 4+ n)—dimensional Universe. The
domain wall case, with a single extra dimension, has been considered in [J]. More recently
the cosmic string case, with two additional extra dimensions, has been analysed [§, .
It has been shown that the gravitational effects of global strings can be responsible for
compactification from six to four spacetime dimensions, naturally producing the observed
hierarchy between electroweak and gravitational forces.

Cosmic strings are topologically stable gravitational defects which appear in the frame-
work of grand unified theories. These objects could be produced in very early Universe as a
result of spontaneous breakdown of gauge symmetry [, [i]. Although the recent observation
data on the cosmic microwave background have ruled out cosmic strings as the primary
source for primordial density perturbation, they are still candidate for the generation of a
number of interesting physical effects such as gamma ray burst [[L(], gravitational waves [[L1]
and high energy cosmic ray [[J]. Recently, cosmic strings have attracted renewed interest
partly because a variant of their formation mechanism is proposed in the framework of
brane inflation [[[J—[[[5].

The simplest theoretical model describing an idealized cosmic string, i.e., straight and
infinitely thin, is given by a delta-type distribution for the energy-momentum tensor along
the linear defect. As the solution of the Einstein equation, the geometry of the space-time
produced by this source presents a conical singularity for the curvature tensor on its top.
Under classical field theory viewpoint, this object can also be formed coupling the energy-
momentum tensor associated with the Higgs U(1)—gauge system investigated by Nielsen
and Olesen [[] with the Einstein equations. This project was successfully analysed by
Garfinkle [[7). He found static cylindrically symmetric solutions representing vortices, as
in flat space-time, and shown that asymptotically the space-time around the vortices is a
Minkowski one minus a wedge. Their core have a non-zero thickness, and the magnetic
fields vanishes outside them. Two years later Linet [[§] obtained, as a limit case, exact
solutions for the metric tensor and Higgs field. He was able to show that the structure of
the respective space-time corresponds to a conical one, with the conicity parameter being
expressed in terms of the energy per unity length of the vortex.

The vacuum polarization effects associated with scalar and fermionic fields in the
space-time of an idealized cosmic string, have been analyzed in [[9]-[R4, and [P§]-[]],
respectively. It has been shown that these effects depend on the parameter which codify the
conical structure of the geometry. Moreover, considering the presence of magnetic flux along
the cosmic strings, there appears an additional contributions to the vacuum polarization
effect associated with charged fields [R9]-[BJ]. Another type of vacuum polarization takes
place when boundaries are presents. The imposed boundary conditions on quantum fields
modifies the zero-point energy fluctuations spectrum and result in additional shifts in the
vacuum expectation values of physical quantities, such as energy density and stress. This



is the well-known Casimir effects.! The analysis of Casimir effects in the idealized cosmic
string space-time have been developed for a scalar [BJ] and vector fields [Bf], obeying
boundary conditions on the cylindrical surfaces.?

The investigation of quantum effects in corresponding braneworld models is of con-
siderable phenomenological interest, both in particle physics and cosmology. Quantum
effects provide natural alternative for stabilizing the radion fields in a braneworld. The
corresponding vacuum energy gives contribution to both the brane and bulk cosmological
constant and, hence, has to be taking into account in the self-consistent formulation of
the braneworld dynamics. Recently the fluxes by gauge fields play an important role in
higher dimensional models including braneworld scenario (see for example [Bg]). They pro-
vide stabilization mechanism for all moduli fields appearing, in particular, in various string
compactifications. Motivated by these facts, we decided to analyse the vacuum polariza-
tion effects associated with a charged spin—1/2 field in a higher-dimensional cosmic string
space-time considering an infinitely thin magnetic flux running along it. Specifically we
are interested to calculate the vacuum expectation value (VEV) of the energy-momentum
tensor. Although, as we shall see, for a (d + 1)—dimensional cosmic string space-time,
the renormalized VEV of the energy-momentum tensor associated with massless quantum
fields presents the general form below

A
(TH) Ren. = 75% (1.1)

being r the azimuthal distance to the string, the components of the tensor F' j? have different
expressions depending on the dimension of the manifold.

This paper is organized as follows: In section f] we present a general expression for
a charged massless spin—1/2 Green function valid for an arbitrary (1 + d)—dimensional
cosmic string space-time, d > 2. Although our main objective is to investigate the vacuum
polarization effects in a six-dimensional spaces, the Green function obtained allows us to
develop this analysis for lower dimensions as well. Moreover, in this section we also present
a general expression for Green function associated with massive field for a particular choice
of the parameters which codify the presence of cosmic string, and the fractional part of the
ratio of the magnetic flux by the quantum one. In this way, the massive fermionic Green
function is expressed in terms of a finite sum of modified Bessel function K, allowing us
to present the renormalized VEV of the energy-momentum tensor in a closed form. In
the section [ we investigate the spinor Green functions in coincidence limit and extract
all divergences in manifest form. Using this result, we provide explicit expressions for all
components of the renormalized VEV of the energy-momentum tensor for different dimen-
sions of the space, and for massless and massive fields. In section i, we summarize the
most important results obtained. In appendix [A] we present a generalization of the gener-
ation function for the modified Bessel functions, needed to construct the fermionic Green
function as a finite sum of images of the Minkowski space-time functions. The appendix

'For a review, see ref. [@]
2Also vacuum polarization effects induced by a composite topological defect has been analysed in [E]



contains some technical formulas related with the calculation of the renormalized VEV of

the energy-momentum tensor in section

2. The spinor Green function

This section is mainly devoted to calculate the Feynman propagator associated with a
charged fermionic field propagating in a (d + 1)—dimensional cosmic string space-time
whose geometry is given by the line element

ds? = gundzMda™ = —dt* + dr? + o?r?de® + Z(dmi)2 . (2.1)
K]

Specifically for a six-dimensional space, the coordinate system reads: z™ = (¢,7, ¢, z,v, 2),

with 7 > 0, ¢ € [0, 27|, and ¢, 2 € (—o0, 00), i = 3, 4, 5. « is parameter smaller than

unity associated with the linear mass density of the string. In the braneworld scenario the

space-time given by (@), the bulk, represents a conical 3—brane transverse to a two flat
space.

In order to develop the calculation of the spinor Green function we shall adopt the

8 x 8 Dirac matrices I'M given below, which can be constructed in terms of the 4 x 4

ones B9, {d]:
0 LA 5.5
o _ 007 , o VT e (0 9T
v 0 7.5 0 ar\ -4 0
3) ;
re — 03 T o 00 e (0 1) (2.2)
30 iys 0 —10

where v5 = i70y172~3, I represents the 4 x 4 identity matrix and # and ¢ stand the ordinary
unit vectors in cylindrical coordinates. This set of matrices satisfies the Clifford algebra
{rM, TN} = —2gMN [ g

In the analysis of the vacuum polarization effects, we also consider the presence of an
extra magnetic field running along the string. This magnetic field configuration is given
by the following six-vector potential

Ay = Adpyp (2.3)

being A = %.
The spinor Feynman propagator, defined as [[]

iSp(z,2") = (0|T (¥ (2)¥(2'))[0) (2.4)
with ¥ = UIT0, satisfies the non-homogeneous linear differential equation,

(iV +ed — M) Sp(x,2’) = \/%_956(33 — ') g, (2.5)

where g = det(gasn). The covariant derivative operator reads

¥ =TM(0y + ), (2.6)



being II,; the the spin connection given in terms of the I'—matrices by
My = —ivaMrN, (2.7)
and
A=TMAy. (2.8)

The Green function given in (R.5) is a bispinor, i.e., it transforms as ¥ at 2 and as ¥ at z’.
In [BJ] we have shown that if a bispinor, Dp(x,z’), satisfies the differential equation

- iegMN(DMAN) + ieEMNFMN — QiegMNAMVN

1 1
—2gMN Ay Ay — M? — “R|Dp(x,2") = ——=06%(z — /)5 , 2.9
MAN 1 ®|Pr(z,2) = ( Ms) (2.9)
with 1
S MN _ Z[FM’FN]’ Dy = Vs —ieAy (2.10)

R being the scalar curvature and the generalized d’Alembertian operator given by
0=¢""VuVy=g¢"" (0 VN + VN — {38}Vs)
then the spinor Feynman propagator may be written as
Sp(z,2') = (i¥ + eA + M) Dp(z,2'). (2.11)

Applying this formalism for the system under investigation the operator K, which acts
on the left hand side of (£.9), reads

_ i 3 2 € 3

) 4022
_% @_#M_M?’ (2.12)
where
=3 = (‘23 ;) , with $% = <UO3 £3> (2.13)
and?
A:—83+83+%8T+#8§+8§+8§+a§. (2.14)

Due to the fact of E‘?S) be a diagonal matrix, the bispinor Dp(z,2’) is diagonal, too. In
this way we can obtain an expression for this Green function analyzing only the effective
2 x 2 matrix differential equation below:

i 3 2 € 3
A—I—W(l—a)a Oy (1—-a) —I—W(l—a)Aa

40272
2ic 4o C a2 ap| Py = L g NI 2.15
e 22t T F(%x)——\/—_—g (33—95)(2)- (2.15)

3For this geometry the only non-vanishing spin connection is I, = %(1 - a)E%g).

a2r2




So the complete Green function is given in terms of Dg) (x,2'), in a diagonal matrix form.

On basis of these results, for this six-dimensional cosmic string space-time, the
fermionic propagator reads:

11—«

Sp(z,2") = [iT0;+iT" 8, +il* D, +4T"0; — 5

r¢z§’8)+§r¢+M Dp(x,z'). (2.16)
The vacuum average value for the energy-momentum tensor can be expressed in terms
of the Euclidean Green function. It is related with the ordinary Feynman Green func-
tion [ by the relation Dg(r,7; T’,F’) = —iDp(x,2"), where t = ir. In the following we
shall consider the Euclidean Green function.
In order to obtain the Euclidean Green function Dg) (x,2') in explicit form, let us find
the complete set of bispinor which obey the eigenvalue equation

/6(1))\(33) = —/\2(1))\(33) (2.17)

with A2 > 0 and being K the Euclidean version of the differential operator given in (2.17).
So we may write

2)®! (2 o0 2
D(E?)(:E,x/) — Z % — /0 dSZ(I))\(x)q;;(xl) e SN (218)
22

)\2

The eigenfunctions of (R.17) can be specified by a set of quantum number associated with
operators that commute with  and among themselves: p, = —id,, p; = —i0; for i =
3, 4,5, L, = —i0,, and the spin operator, o3. Let us denote these quantum numbers by
(k™, k', n, o), where (k7, k') € (—oo, o0), n =0, £1, 2, ..., 0 = +1. Moreover, these
functions also depend on the number p, which satisfies the relation \? = p? + k? + M? and
assumes values in the interval [0, oo).

Although we have developed this formalism for a six-dimensional cosmic string space-
time, it can be adapted for a three, four and five dimensional spaces. The reason resides
in the representations adopted for the Dirac matrices in these dimensions. For three di-
mensional case the Dirac matrices are given in terms of 2 x 2 Pauli matrices. For four and
five dimensions, the Dirac matrices are given by the 4 x 4 off-diagonal matrices from the
first four and five matrices given in (R.3). Of course for these cases we have to discard the
derivative associated with the respective extra coordinates in (2.14). So on basis on these
arguments it is possible to generalize the eigenfunction of the operator (2.17) by:

ik.x
O P e )
o) = a(@n)N 1172 Pt jalpr)w™,

ik.x
Dy — NP i -
oy (x) = [a(27r)N+1]1/26 sDJ‘,FVO{(pr)w( ) (2.19)

L) <(1)> W) = <(1)> (2.20)

where



are the eigenfunctions of the the operator o3, J,(z) is the Bessel function, and vt =
n+ @ — (N + ), where we have defined eA = e% = N + v, the ratio of the magnetic
flux by the quantum one, in terms of an integer number, N, and its fractional part, ~.
In (R.19) we may assume N = 1, 2, 3, 4, which are related with the dimensions of the
space considered: three, four, five or six, as explained before.

Now we are in position to calculate the Green function by using (2.1§), (R.19) and (£.20)

as show below
1 o0 o0 5 ! 5 !
D(z) A / d /de / d ik(z—a') in(p—¢’)
5 (z,2") NESaEEA s ; D p e Zn:e
xdiag(Jjy+ o () Tt 1o 0Ty T 1o 0F) T o (p7)) €S HEHMD) (997

With the help of ] we can express (R.21)) by

@) N 1 o ds @t in(o—o)
D (@,7) = a(4m)N/2+1 /o SN2+ ¢ 48 Ze o
xdiag(I‘Vﬂ/a(W'/%), I|,,7‘/a(rr'/2s)) , (2.22)

where I,,(z) is the modified Bessel function.

The calculations of the renormalized VEV of the energy-momentum tensor associated
with massive quantum fields in cosmic string space-time, have been developed by many
authors cited in [R5, RB9. Al of these calculations involve very complicated integrals.
In order to present more suitable expressions, the authors make applications taking the
massless limit in previous results. Here, in this paper, we shall explicitly exhibit the
renormalized vacuum expectation value of the fermionic energy-momentum tensor for
different dimensions of the space-time in closed expressions. So, in order to do that we
shall consider two different limiting cases which allow us to reach this objective as shown
in the following subsections.

2.1 Massless fermionic fields

In this subsection we shall calculate the bispinor associated with a charged massless
fermionic fields in an arbitrary dimensional cosmic string space-time. So taking M = 0

in (2:29) we obtain [[[]

Dg)(x7x,) =

a(21) 5 (1) ¥ (= sinhu) T
N—-1
5
X 3 eintos) Q/a-12(cosh ) ! , (2.23)
n 0 Q|y2*\/a—1/2(COShu))
where
2 2 12
coshu = (Az) +T/ T . (2.24)



In the above expression, Qﬁ is the associated Legendre function. It is possible to express
this function in terms of hypergeometric function [{d] by:

D(v+A+1) e WA+
T(v+3/2) (1— e 2u)rtl/2

Q) (coshu) = ™27 /7 (sinh u)*

1

In this analysis we identify the parameter v with |[v*|/a —1/2 and take A = (N —1)/2. So
the relevant hypergeometric function is
N N -2 1
Fl=, ——=; |t 1y ——| .
(53 -2 a1 =)

If N is a even number, this function becomes a polynomial of degree %; however being
N an odd number, this function is an infinite series.

As special applications of this formalism, let us consider specific values for N as shown
in the following.

2.1.1 N=1

For this case the manifold corresponds to a three-dimensional cosmic string space-time.
The Green function can be obtained by substituting the Legendre function by its integral
representation below [iJ],

1 o} e—ut
v—1/2(coshu) = — dt , 2.26
@ 1/2( ) \/i/u v/cosht — coshu ( )
in (2.23) and developing the sum over n. After some steps we get
iN(o—o e ) S(Jr)(t)
D(2)( ! ) = 46 Meme) fu dt\/COSht—coshu 0
B a(2m)2y/ 2rr! 0 [ a—S2w |
u v/cosht—coshu
(2.27)

where

eTile=¢") ginh (6%t /a) — sin + «
S = ) e 225

being 6% = % Fr.

2.1.2 N=2

For the case with N = 2 the bulk corresponds to a four-dimensional cosmic string space-
time. For this case the Green function is very well known. It takes a simple form due to
the fact that the respective associated Legendre functions be expressed by

e—l/u

v/sinh u '

Q1/2 (coshu) =1 g

o1 (2.29)



Substituting this function into (R.29) it is possible to develop the sum on the angular
quantum number n, providing

iN(o—¢') S
(2) /.1 __°c (U) ’
D ($,$)—8W2arr’sinhu< 0 SO )
(2.30)

with S™)(u) having the same functional form as S™)(t) in (£:29).

2.1.3 N=3

This case is a new one, it corresponds to a five dimensional cosmic string space-time having a
magnetic flux running along the string. For this case the bispinor depends on the associated
Legendre function Q. (z), which can be expressed in a integral representation by using the
relation QL (z) = (22 — 1)V 2de;z(Z) and (R.26). After some intermediates steps we obtain

s (+)
iN(p—¢') o0 22 0
Dg) (a:/7 x) __ \/5(;1_)3 (TT/)3/2 C% farccoshz \/cosh t— o . P ’z:coshu .
a 0 farccoshz t\/m
(2.31)
2.1.4 N=4

This case is also a new one, it corresponds to a six-dimensional cosmic string space-time.
The complete Green function is expressed by a 8 x 8 diagonal matrix. As in (R.1.9), this
function can also be written in terms of elementary functions. The reason is because for

N =2, Dg) (', x) depends on Qi/—21/2(z)> which is given by

3/2 . T _,,(coshu+ vsinhu)
hu) = —iy : 2.32
QV_1/2(COS w) "\ 2sinhu© sinhu (2.32)

Substituting this expression into (R.23), and after some intermediate steps we arrive to:

D(Z)( ) eiN(p=¢") (2.33)
BT = 16m3a(rr’)2 sinh® u '
" cosh uS™) (u) —sinh u.S"(H) (u) 0
0 cosh uS(7) (1) —sinh §"7) (u) )’

where the prime denotes derivative with respect to u.

2.2 Special case where a = % being ¢ an integer number

In this subsection we shall provide a closed expression for the bispinor considering a non-
vanishing mass term for the fermionic field. This will happen for a very special situation

when « is equal to the inverse of an integer number. Smith, Davies and Sahni, and
Souradeep and Sahni, cited in [I9], have shown that when this occur, i.e., for a = %, the

scalar Green functions can be given as a sum of ¢ images of the Minkowsiki space-time
functions. Recently the image method was also used in [BH to provide closed expressions



for massive scalar Green functions for a higher-dimensional cosmic string space-time. The
mathematical reason for the use of image method in these applications resides in the fact
that the order of the Bessel functions which appear in the derivations of the Green functions,
become an integer number. Unfortunately, for the fermionic case, the order of the Bessel

function depends, besides the integer angular quantum number n, also on the the factor
(1-a)

~——. However, if we consider a charged fermionic field in the presence of a magnetic flux

running along the string, an additional effective extra factor will be present, the fractional

part of the ratio of the magnetic flux by the quantum one, . For the case where v is equal

to (1;(1), and o = 1/gq, the order of the Bessel function becomes an integer number, and, in

this case it is possible to use the image method to obtain the fermionic Green function in a
closed form. Although being a very special situation, the analysis of vacuum polarization
effects in this circumstance may shed light on the qualitative behavior of these quantities
for non-integer q.

2.2.1 Heat kernel

Let us now investigate the effective 2 x 2 diagonal matrix heat kernel, given in the integrand

of (.1§). Using (R.29), we have

—aal s Ty jalrr [25) 0
K(z,2';s) = = g indg [ Ht|/alTT /28 (234
(@25 5) a(4ms)N/2+1 Zn: ‘ 0 L= a(rr’/25) (2:34)
Defining
K(H(m,x'; s) = Z ei"A‘pI‘yﬂ/a(M"/%) (2.35)
with v+ =n+ @ — N — 7, we can see that for v = @ and assuming o = %, the order

of the modified Bessel function becomes an integer number if ¢ is also an integer number.
In this way (P.35) can be expressed by [3]:*

-1
1 K T'—TS/COS(AW—FM)

K0 (z,;5) = N8N~ eMACL (1 25) = VA 4 D er e (2:36)
n k=0
Analogously, defining
K(_) (.Z', x/; 3) = Z einA«pI‘Vi‘/a (TT//2S) (237)
with v— = 1 — (150‘) — N —~=n~-N -1+ a, we obtain
KO (@,a's5) = DA S inde (o /25) (2.38)

n

Using the recurrence relation, I,41(2) = I},(z) — £I,(z) and eq. (2.36)), we get, after some
steps, the following expression:

_ e 1 ! "—”"/cos(ﬂ-yﬂ) _ 2ikw
K (2,a';5) = WNFI-V/a)Ae E e @ a)e Ta (2.39)
q
k=0

4See the proof in appendix @

— 10 —



The Green function is given by
Dg)(x',x) :/ ds K(z,2';s). (2.40)
0

Using (£.39), (R.39) and with help of [iJ], this function becomes

Dy () = emiMmgil Kga(Mpi) y (2.41)
E ’ - (27T)N/2+1 P (Pk)N/2 N/2 Pk 0 oi(1-1/q)Ap ,~2imk/q | .

p2 = (Az)? + 72 + 12 — 2r1' cos (Ap/q + 21k /q) , (2.42)

being K, the modified Bessel function.

As we can see, the above Green function of the square of the Dirac operator corre-
sponds, up to a phase factor, to a sum of g images of Minkowski space-time functions. For
g =1, and N = 2, the above expression reduces to the standard four-dimensional Green
function

ei]\_ngp

DY (a,z) = —K1(Mpo) L) - (2.43)

4m? po

We want to finish this section by saying that having obtained the complete Green
functions associated with the square of the Dirac operator, for massless and massive fields,
the fermionic propagators can be given by applying the Dirac operator on this bispinor

according to (R.11)).

3. Vacuum expectation value of the energy-momentum tensor

In this section we shall calculate in a explicit form the renormalized vacuum expectation
value of the energy-momentum tensor, (T' g‘} Ren.- As we have already mentioned in the last
section, two physical situations will be considered here. Because the metric tensor does
not depend of any dimensional parameter, for the massless fermionic field case we can infer
that the VEV of the energy-momentum tensor will depend only on the radial distance r.
For massive fermionic case, it is expected a dependence on the mass of the field too.

The renormalized VEV of the energy-momentum tensor must obey the conservation
condition,

VAlTH) Ren. = 0, (3.1)

and for massless fields provide the correct trace anomaly for space-time of even
dimension [[4]:

1
<T£>Ren. - WTr aid(xrx) . (32)
A) 2 2

— 11 —



However, because this space-time is locally flat and there is no magnetic field in the region
outside the string, the coefficients as and a3 vanish [[45, @].5 As we shall see, taking into ac-
count these informations, it is possible to express all components of the energy-momentum
tensor in terms of only one. Here we shall calculate the energy density only.

Using the point-splitting procedure [A]]], the VEV of the energy-momentum tensor has
the following form:

1 . _ _
<TAB($)> = Z xl/lmx Tr [FA(DB - DB/) + PB(DA - DA/)] Sp(a:, a;') ) (3.3)
where Dy; = Vs —ieA)s, and the bar denotes complex conjugate. Because the dependence
of the fermionic Green function on the time variables, the zero-zero component of the
energy-momentum tensor reads:

<T00(:E)> = lllm Tr Foaosp(l‘, 33‘/) 5 (34)
which can be expressed by

(Too(w)) = i lim 0 Tr Dp(a',z) = ~ lim 02 Tr Dp(z,2'). (3.5)
In the obtainment of the above expression we have to use the fact that the bispinor Dp(2/, x)
is diagonal and Tr I'°T"Dg(x,2') = 0.
Now after these brief comments about general properties of the VEV of the energy-
momentum tensor, we shall start explicit calculations of this quantity for massless and
massive fermionic fields specifying the dimension of the manifold.

3.1 Massless case

In this subsection we shall calculate the zero-zero component of VEV o the energy-
momentum tensor for massless fermionic fields, specifying the dimension of the manifold.
Let us start with a three dimensional cosmic string space-time.

3.1.1 N=1

The vacuum polarization effects associated with massive scalar fields in a three-dimensional
conical space-time has bee developed by Guimaraes and Linet cited in [I9]. Because the
calculation of the VEV of the energy-momentum tensor involves complicated integrals,
the authors give its expression only for the massless case, which coincides with with the
result found by Souradeep and Sahni, also cited in [[[J]. However, as far as we know, no
calculations regarding to fermionic fields in the presence of a point-like magnetic field have
developed in this space-time.
For this three-dimensional cosmic string space-time the Dirac matrices reads:

v =0, v =ir-d and v zégb-c?, (3.6)

5For massive fields the trace of the VEV of energy-momentum tensor does not vanish. In fact it is
<T£>Rem = M2T1" DRenA(mﬂC)‘
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being ¢* the Pauli matrices. In this space-time the Euclidean bispinor, Dg(a', ), is the
2 x 2 diagonal matrix given below

iN(o—o % S(H) (1)
DE(QZ‘/ 3:.) — € (p=¢) fu v/cosh t—cosh u 0 (3 7)
’ a(2m)2V/ 2rr! 0 [ dt——__ SO ’ :
v/cosh t—cosh u

where coshu = w. Let us take first 7/ = r, Ap = 0 in S)(t) given by (-29),

2rr
and define new function,

) = [Ca 520 (358)

Vcosht — coshu
Introducing a new variable ¢ := 2 arcsinh(y/v/2), the above functions is written by

() () — & dy  S™)(2 arcsinh(y/v/2))
! ()_2/m\/2+y2 ViE-GE-1)

(3.9)

)?
T2r2
In order to calculate the VEV of the zero-zero component of the energy-momentum

being z = coshu =1+ (L)

tensor, let us write the function I*)(z) as:

! G(+)
1 =106+ 1) =2 /m Vv 2di v/ yf— ((zy)— 1)

S®(y)
V2H2ViR— (-1

where S&)(y) = S (t(y)). Subtracting and adding into the integrand of Ifi) the two
first terms of the power expansion

SO o, [0-a)r6stet -] (3.11)

V2+yr oy (ife!

(3.10)

we get
I = 1Py P (3.12)

where
Ifi)ﬁ"(z):2 /1 dy S(i)(y) o [(1—a2)+65i(5i—1)]y (3.13)

Vz—1 \/y2—(z—1) \/2—i—y2 Y 6«
and
sin, ! d 1— 2 65i 5i -1
I£:I:) g(z) — 2/ ; Y |:g + [( @ )+6 ( )]y:| . (3.14)
Vel VY = (2 - 1) @

As we shall show, I fi)f m together with Iéi), provide finite contributions to the VEV.
The only divergent contribution is contained in I fi)smg , which has the form
5% —1)]

' 2 +
sy = 2By sl o)+ O , (3.15)

- 13 —



being

B [2 -2 B (AT)?
B = arctg < ;) and z =1+ 53 (3.16)

}i)smg in powers of A7, and keeping only terms that survive after take the

Expanding I
second Euclidean time derivative and coincidence limit, we have

sin, 2 Ai

I}ﬂ:) 9~ amy/2r +2(AF —a) — M(AT)2 +O0(ATY), (3.17)
AT 612

where we use the short notation AT = [(1_a2)+gii (51_1)}.

The first term on the right hand side of (B.17) provides

1
DY (' x) = AL (3.18)

which coincides with the Euclidean bispinor for a flat three-dimensional space-time.

The VEV of the zero-zero component of the energy-momentum tensor given by (B.9) is
divergent. In order to obtain a finite and well defined result, we should extract its divergent
part. This can be done in a manifest form by subtracting form the complete Green function
the usual Euclidean Green function as shown below:

(T9(x)) en. = lim 92 Tr [DE(;L«,:U') _pgy@,gy)] = lim 02 Tt Dpep. (z,2'). (3.19)

/' —x

So in order to obtain the VEV above we need to develop three different calculations:

e The coincidence limit of the Euclidean time derivative of I }i)re"(z) =1 fi)smg (2) —
amV/2r,
o
. 2 r(£)ren _ (3Ai + Oé)
Aligo o1, (2) = a2 (3.20)
e The same calculation as above but now for I }i)f i (2). In the appendix B we explicitly
show that
. 1 (#)
. 2 r(£) fin . i f (y)
Jim G2IH0 () = /0 a2 (3.21)
being

(3.22)

e The last calculation is for Iéi)(z). It is easy to show that

% gy §&)
lim 92185 (2) = = / dy S70Y) (3.23)
1

AT—0 o2 y3 \/W
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Figure 1: These graphs provide the behaviors of both integrals in (B.24) as functions of a and =,
admitting these parameters varying in the interval [0.1, 0.9]. The left panel corresponds the first
integral and the right panel corresponds to the second one.

Finally the renormalized VEV of the zero-zero component of the energy momentum
tensor can be written in a simpler form, after substituting the expression for AT, using the
definition for the function f*)(y) above and expressing 2a/3 = 2« I dy /vt

1 1—a?— 1292 U dy > dy
T(x)) Ren. = [ +/ —F +/ —F ] . (3.24
(Tg (z)) R An2on/2r3 6 0 08 1() Y 2(y) (3.24)

where

SH)(y) +5C) 200 1—a?—12?
Fuly) [ W) +5 ) 20 1-a’—129

V2 +y? Yy 6a

$H +50w) 2_a] | (3.25)

V24 y? Yy

The behaviors of the integrals above as functions of o and + are exhibited in figure [I.

Fy(y) = [

Having found F{ the other components of the renormalized VEV of the energy-
momentum tensor can be expressed in terms of it. Assuming

A Fp
(T5) Ren. = r—g, (3.26)

by the diagonal form of the metric tensor, we expect that F j? be a diagonal matrix; more-
over, the conservation conditions, V 4(T4) gen. = 0, provides Ff = —2F" and <T1f> Ren. = 0,
F{ = F'. So we conclude

Ff = Fddiag(1, 1, —2). (3.27)

— 15—



3.1.2 N=2

This case corresponds to four-dimensional one. For this manifold the renormalized VEV
of the energy-momentum tensor associated with fermionic fields, has been analysed by
Linet, cited in [R], and by us in [BF]. So we shall not repeat this calculation; however for
completeness we write down the zero-zero component of this tensor:

1

= serimrar [(0° — D(A76% +7) +1200% (o = 2* + 1)] . (3.28)

<T(g] (:E)>r0n
Also, having obtained FOO the other components of the renormalized VEV of the energy-
momentum tensor can be given in terms of it. Assuming a diagonal form for this tensor, a
cylindrical symmetry and invariance under a boost along the x direction, the conservation
condition V 4(T4) gen. = 0, provides Ff = —3F", and (T})gen. = 0, F = FI' = F*. So
we conclude

F4 = Fddiag(1, 1, 1, —3). (3.29)

3.1.3 N=3

In braneworld scenario this manifold corresponds to a conical 3—brane having an one-
dimensional extra space transverse to it.> The analysis of the VEV of the energy-
momentum tensor associated with scalar field in a higher-dimensional cosmic string space-
time and in the presence of a magnetic flux has been developed by Guimaraes and Linet
in [R9). There, integral representations for massive scalar Green functions have been ob-
tained. Specifically for the four dimensional space, the authors calculated the renormalized
vacuum expectation value of the energy-momentum tensor, <Tff ) Ren., and show that consid-
ering the mass of the field equal to zero more suitable expressions are obtained. Moreover,
Linet cited in 2], using previous result calculated the VEV of the energy-momentum ten-
sor associated with fermionic fields, relating the parameter -, the fractional part of the ratio
® /P, with the conicity parameter «. Although a general formalism has been developed,
he only provides the vacuum energy density for a massless four-dimensional fermionic field.
The Dirac matrices for a five-dimensional cosmic string space-time, reads

1
=70 r=¢.7, 19=—¢-7, I' = 7y®and TY = ivs . (3.30)
ar

Moreover, the Green function associated with this space is the 4 x 4 diagonal matrix below

D(2)(az’ x) 0
DE(x’,x):< 5 \T , (3.31)
0 Dg)(x’,w)

being

iN(p—¢") d (IH)(z) 0
D(z) ! - — € . zZ=cosnu * 2
B (@) V2(2m)3a(rr)3/? dz 0 I)(z) meos (332

5The five-dimensional cosmic string space-time has been considered in the braneworld theory with
metastable graviton on the brane in [@]
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with

°° () o0 G(+)
1)) = / a2 / 4y STW (3
arccoshz  vcosht — 2 Vo=l \/2 + 42 \/y2 —(z-1)

In the above expression we have introduced the variable ¢ := 2 arcsinh(y/v/2) in the second
term of the right hand side. As in the analysis developed in subsection B.1.]], we shall divide
the integral interval form [v/z — 1, 1] to [1, oo, and define respective integrals by I fi)(z)
and Iéi)(z). Subtracting and adding into the integrand of Ifi)(z) the three first terms of
the expansion

SH)(y)

2 YA (£),3
mNerA y+BEyS (3.34)
where A% — [(1—a2)+g5i(5i—1)] and B® — (a2—1)(11a2+1)+30(5i128%(5;‘:)2—1)2+60a25i(1—6i)
we have:
1 G (%)
I#)(z) = 2/ dy SHy) a Ay — B3
VIV = (-1 [V2+y? Y
1
+2/ W [E +A<i>y+3<i>y3]
VT VY= (2= 1) Ly
= [En ) 4 [Bsing ) (3.35)

The singular contribution to the VEV is contained only in [ {i)smg (2), which has the
form

sin, 2 2z -1
1135y = zo‘_ﬁl N [A(i) ! z3 )} : (3.36)

being § = arctg < %)
(£)sing

Taking the derivative of I; (z) with respect to z and substituting z = coshu =
14 %,7 we expand the result in powers of Ax which survive after taking the second
derivative and the coincidence limit. Doing this procedure we get

dl(i)smg(z) amr3y/2 RN i
e R A :_7+(B< ) _ Xyl >>
dz Z:1+72— (AIL‘)'?) 3
(3 +15B™F) + 54())

— o2 (Az)* 4+ O(Ax)*. (3.37)

The other two contributions for the Green function are given by:

e The derivative of I fi)f m(z) which reads

(£)fin 1 ~
iy (2) o4 / C—E T (3.38)
dz dz )= Y2 — (2 — 1)

"In this development we have taken first v’ = r and ¢’ = ¢.
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where

) )
O = 2 o @, gy (3.39)

V24?2 oy

As mentioned in appendix [B, to take the derivative above it is easier if we introduce
a new variable b = v/z — 1 into Ifi)fm(z) and change y — by. Doing this procedure
we obtain

d ﬂim)_f®u> (3.40)

I fzn
17 .
/ V2 b?dy< y V1—p?

()

e The third contribution comes from the derivative of Iy, which easily provides

diy?(z) e dy SH(y)
ay =) _ /1 : (3.41)

dz Y2 — 232 oL

The integrals (B.40) and (B.41]) have to be evaluated at the point b = T’AT:;'

Now taking into account all these results the Green function can be expressed by

K®)(Ax) 0 0 0

1 0 KO (Ax) 0 0
Dp(d' z) = ———— 3.42
E(:E 713) \/505(271’)37‘3 0 0 K(—‘r)(AIE) 0 9 ( )

0 0 0  KO)(Ax)
where
()sing () fin ()

K= ) A (@) Ay (=) (3.43)

dz dz dz

The formal expression for the VEV of the zero-zero component of the energy-
momentum tensor is given by (B.H). However this expression is divergent, and the term
responsible for that is precisely the first term on the right hand side of (B.37), which when
substituting into into (B.31]) provides

, 1

)= WIM) . (3.44)

So, in order to obtain a finite and well defined result to this VEV we should extract its
divergent part. Here, this also can be done in a manifest form by subtracting form the
complete Green function the usual Euclidean Green given above:

(T9(2)) Ren. = lim 9% Tr [DE(aj z') — Dg)(w,x’)] = lim 0% Tr Dgen.(z,2'). (3.45)

' —x ' —x

Finally we are in position to write down the the zero-zero component of the renormal-
ized VEV of the energy-momentum tensor in a simpler form. Substituting the expressions
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Figure 2: These graphs exhibit the behaviors of the integrals in (B.46)) as functions of « and -,
admitting these parameters in the interval [0.1, 0.9]. The left panel corresponds the first integral
and the right panel corresponds to the second one.

for A®) and B®)| using definition for the function f (i)(y) and some intermediates steps
we get:

0 1 (@ —1)(23a% — 7) — 1207%(1 — 302 — 27?)
(T (%)) Ren. = 2
83/ 215 240a
La % g
s [ Yrg)-s [ —E.,’F4<y>} , (3.46)
oY 1Y
where
S S) 2 1—a?— 1242
Fy(y) = (y) + (y)__onr( o 77)

V2 +y? Yy 6a Y
N (@ —1)(17a? +7) + 1207%(1 + o® — 272)]313
72003
$SH ) + 59 w) 2_a]

V2 +y? Yy

Here also it is not possible to provide analytical expressions for the integrals above. The

Fy(y) = [ (3.47)

numerical behaviors for both integrals are plotted in figure | as functions of the parameters
a and 7.

The other components of the energy-momentum tensor can be obtained from the zero-
zero one, by using the conservation condition (B.1)), the absence of trace anomaly (B.2) and
the boosts symmetry in the directions parallel to the string. Writing

(T4 (@) Ren. = —5 (3.48)
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we can easily show that
Ff = Fodiag(1, 1, —4, 1, 1). (3.49)
3.1.4 N=4

As we have mentioned beforee [§, ], the gravitational effects associated with strings have
been considered as responsible for compactification from six to four dimensional space-
time. In this scenario the bulk is represented by a conical 3—brane transverse to a two
dimensional space.

The manifold analyzed by us here presents a simpler geometrical structure. The bulk
corresponds to an idealized conical 3—brane transverse to a flat two dimensional space.

The explicit analysis of the VEV of the energy-momentum tensor developed here is a
new one. Fortunately, it becomes much simpler when compared with the previous analysis
because the respective Green function can be expressed in terms of elementary functions.

In this six-dimensional cosmic string space-time, the Dirac matrices are in the
form (R.2), and the Green function is expressed in terms of a diagonal 8 x 8 matrix:

PP 2) 0 0 0
@)
ppay=| 0 PEE 0 A LT
0 0 D' (2!, ) 0
0 0 0 DY, x)
being
iN(p—¢')
(2) (. €
PO (2 z) = 3.51
£ (@2) 1673 a(rr’)2 sinh3 u (3:51)
" cosh u.S™) (u) —sinh uS" ) (u) 0
0 cosh uS(=) (u) —sinh §"7) (u) | ’

with S™)(u) having the same functional form as S™)(t) given in (P:25).

As we have already discussed, the calculation of the renormalized VEV of the zero-zero
component of the energy-momentum tensor can be calculated by applying the second order
Fuclidean time derivative on the renormalized Green function:

(T9(2)) Ren. = lim 92 Tr [DE(a:,a:') - Dg)(a:,x’)] = lim 02 Tr Dgen.(z,2), (3.52)
' —x ' —x
where Dg)) (z,2') is promptly obtained from (B.5() by taking & = 1 and v = 0. After some
intermediate steps we obtain for the energy density the result below:
1
Ty =
(To (@ren = = 155060730676
+144(359" = 4972 —4)(1—a?) +13449*(v* — 1) (v* —4)]. (3.53)

[-367(1 — a?) + 12(1897* + 76)(1 — a?)?

The other components of the energy-momentum tensor can be computed by using the
conservation condition, the absence of trace anomaly and the boost symmetry along the
directions parallel to the string. So we have:

A
(TH () Ren. = l:—’g (3.54)
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where
F4 = F)diag(1, 1, =5, 1, 1, 1) (3.55)
being FY) given in (B:5J).

3.2 Massive case

Here we shall analyze the VEV associated with massive field under the circumstance spec-
ified in .4 In order to that we shall adopt the bispinor (R.41]) to calculate the fermionic
Green function. However, before to start the calculation let us analyse this bispinor in
the coincidence limit. Taking 2’ — x we verify that the result is divergent and that the
divergence comes exclusively form the &k = 0 component. So, in order to obtain a finite
and well defined result we should apply some renormalization prescription. This procedure
can be applied in a manifest form by subtracting from (P.41)) its k = 0 component. So the
renormalized Green function is given by

(2) ’ ZN ¥ 2q . 1 0
Dl'%en.(”j ) = (2) N/2+1 Z N/2 KN/2(M k) 0 ei(1-1/q)Ap —2irk/q | * (3.56)
k= 1

Before to start the calculation of the renormalized VEV of the energy-momentum
tensor, we shall analyse the behavior of the renormalized bispinor in the coincidence limit.
Considering first the upper diagonal component of (8.56), we have

N/2 L Kyjo(2Mrsin(kr/q))
(+) _ M N/2 q
Dhen. (@, 7) = (2m) N2+ (27)N]2 Z (sin(kr/q)N2 (3.57)

We can see that the Dgatzl_(x, x) is positive everywhere. Now we would like to analyse this

expression in two limiting cases:

e In thelimit Mr > 1/sin(kw/q), the main contribution comes from k = 1 and k = ¢—1
and the leading term is

N-1 .
M-z e 2Mrsin(r/q)
Ren.(gj?x) ~ N+1 N+1 * (358)

(rsin(m/q))

e For the massless limit,

T(N/2) 4

(47)N/2+1y N £ sin( kﬂ/q

Do, (2, 2) = (3.59)

For even N, the summation on the right hand side of (B.59) can be developed by using
the formulas [B]

I§(z) + N2In(2) q° 1

N(N +1) and Ip(v) = sin?(qx) B sin?(z) (3.60)

INto(z) =
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for the sum
q—1 1

In(x) = . .
v(@) — sin’ (z + k/q) (3.61)

In particular for a four dimensional space, N = 2, I5(0) = @. So we have

2 _
P _ a1

Ren.(gj7$) - 48722 (362)

For a six-dimensional space, I4(z ) isa long expression obtained by the recurrence relation

above, however we find 14(0) = %514-11) consequently

(¢° — 1)(¢* +11)
28807374
The above results, eq.s (B.64) and (B.63), are analytical functions of ¢, and by analytical

continuation are valid for all arbitrary values of q.

,Dg%tl(x’x) =

(3.63)

A similar analysis can also developed for the lower diagonal component of (B.56). So
let consider

) N/2 'K (2Mrsin(km/q))
- M N/2 q
Dhen. (2, 2) = (2m) N2+ (27 )N /2 Z (sin(km/q))N/2

e~ 2km/a (3.64)

In the two limiting cases above we have
e For Mr > 1/sin(kw/q) we find

N—1 .
_ M2 cos(27r q e—2Mrsm(7r/q)
Digoh, (2,7) ~ ——r ( / ) - (3.65)
(4m) = (rsin(r/q)) 2

e For the massless limit,

T(N/2) 2 e2ikn/a

D) = 3.66
hen (008) = G e 2 Stk ) (3.6
In order to develop the sum in (B.6) for N even, the relevant formula is
g-1 —2ikm/q g-1 (
e cos(2km/q)
Kzgizgizl 0) —2In-2(0). 3.67
N pet sin(kw/q))N — sin(km/q))N ~(0) ~n—2(0) (3.67)

For a four-dimensional space Ko = I3(0) — 2[5(0) = @-n _ 2(¢—-1) = (g=1)(g=5)

3 3
consequently
(=) _(g=1)(g-5)

DRen.($v ;L') - 487272 (368)

For six-dimensional space, K4 = I4(0) — 215(0) = W and
2 2
(=) _ (@@ =1(g" —19)
DRen.(:E’ ;L') - 28807314 (369)
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Now let us proceed the calculation of (T2 (x)) gen.. Although we shall concentrate the
analysis of this quantity for a six-dimensional cosmic string spacetime, below we present
its zero-zero component for a general value of N. By using previous result,

(T () Ren. = lim 0% Tr Dpen.(z,2'), (3.70)

and substituting the Euclidean bispinor expressed by its diagonal form given in terms
of (B.54), after some intermediate steps we obtain

opgN/2+1 1Tl 2
(T(2))Ren = — _cos”(km/q)
7(4m)N/2pN/2+1 — (sin(k /q))N/2+1

Knjo+1(2Mrsin(nk/q)) . (3.71)

From (B.71) we can observe that the energy density is non-positive quantity everywhere,
vanishing only for ¢ = 2. For this case the contributions from the upper and lower com-
ponent of the bispinor (B.5d) cancel each other. Moreover in the limit Mr > 1/sin(kn/q)
the leading order is

0 ~ —2Mrsin(w/q)
(T (@) ren ~ ~ sy <7 > X e I . (3.72)

with exponentially suppressed behavior.

In the massless limit case, the energy density became expressed in terms of elementary
functions,

-1
I(N/2+1) qz: cos?(km/q)

0 _
<T0 ($)>Ren = - 471' N/27‘N+2 sm k:7r/q N+2 (3.73)

For even N, the summation on the right side of the above equation can be expressed in
terms of analytical functions of ¢ as shown below:

I'(N/2+1)

0 —

(T5 (2))Ren = T (Am) N2 (In+2(0) — In(0)) . (3.74)
For N = 4, we easily find from the recurrence formula (B.60), Is(0) =

a1z (¢® — 1)(2¢* + 23¢2 + 191), consequently

2 4, 2
(T0(2))en = — 1?37(307:;7?6 20 (3.75)

The above quantity is positive for 1 < g < 2.8

Now going back to the general expression (B.71]), in figure 3 are plotted the behaviors
of (T)ren./M™N*2 as function of Mr for different values of N and the parameter q. As
we have discussed, for large value of Mr the energy density tends to zero exponentially.
The right panel explicitly shows that the modulus of the energy density increases when ¢
becomes larger.

Now after this discussion about the behavior of the energy density for a general value
of N, let us specialize in a six-dimensional cosmic string spacetime. Below we present the
most important analytical results:

8Substituting o = % and v = % into ) we re obtain ()
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0.001; 0,021
0.0024
-0.0034
-0.004;
0,005

0.006+

-0.044
0.061
-0.081

0.17

Figure 3: These graphs represent the dependences of (T9) gen. /M T2 with Mr for different values
of the parameters N and q. The left panel corresponds to ¢ = 4 and N = 2, 3, 4, and the right

panel corresponds to N =4 and ¢ = 3, 4, 5.

e Taking advantage of previous result we can promptly write down the zero-zero com-

ponent of the VEV of the energy-momentum tensor. It is

M3 2 cos? (km/q)

S35 2 sm (/) K3 [2Mrsin (km/q)] .

(T9 (%)) Ren. = —

e The radial pressure, (T"), can be calculated as shown below:

(T () Rom. = % lim Tr [Ty (8 — 0] S (2,2") .

/' —x

By using (2.11)) to calculate the Feynman propagator, we can write

(Tor (%)) e, = % lim T [(a — 0 [a + zggg (0, — ieA,)
1 /
Using eA, =N+7v,v= , @« = 1/q and the identities
00 =—1, 0,0%=-"%%and DIy =——"(1—a)l,

ar (8) 2ar

after a long calculation we find

M3 L cos? (km/q)
83 P sin® (k7 /q)

(T7(2))Ren. = — Ks[2Mrsin(kn/q)] .
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e From the conservation condition V A(T:) gen. = 0, the azimuthal pressure, (T5), can
be obtained in terms of the radial one

<T<f(x)>Ren. = 0y (T<T:($)>Ren.) . (3'81)
Substituting (B.8() into the above expression we get

M3 = cos?(km/q)
83 — sind(km/q)

+ 2Ks2Mrsin(kr/q)|Mrsin(kn/q)} . (3.82)

<Tgf (@)) Ren.

{bK3[2Mrsin(kn/q)]

e For the pressures along the directions parallel to the string we have (no summation
over 1)

<T’ii>Ren. = <T(§)>Ren. 5 1= 37 47 5. (383)

e Now on basis on the results obtained, we can verify the correct trace of the energy-
momentum tensor:

Mt L cos?(km/q)

372 2 S fg) 2 [2M 7 sin(k7/q)] = M*TrDpgen. (v, ) . (3.84)
k=1

(Tf (2)) Ren. =

4. Conclusion and discussions

In this paper we have investigated the local one-loop quantum gravity effects associated
with charged fermionic fields in a higher-dimensional cosmic string spacetime. As the
first steps in the evaluation of the renormalized VEV of the energy-momentum tensor, in
section | we calculated the general Euclidean Green function, which is expressed in terms
of not-solvable integral for a general situation. However, two limiting cases provide more
workable expressions which were explicitly analyzed: i) the massless case, and i) the mas-
sive one with a = %, being ¢ an integer number, and v = 1_Ta For the latter, we were able
to express the Green function in terms of a finite sum of modification Bessel functions, K.

In section [, we considered the VEV of the energy-momentum tensor. For the massless
case, we calculated, in explicit form, the energy-density for different dimensions. For
even dimensions, <T(? ) Ren. 18 expressed in terms of elementary functions; however for odd
dimensions, it is given in terms of integrals expressions. For these situations we provided
numerical analysis, as shown in figures 1 and 2. Being g an integer number and v = %, the
corresponding renormalized VEV of the energy-momentum tensor is expressed in a closed
form for massive fields. To our knowledge no such closed expression has been given before
in the literature. For an arbitrary value for N, we explicitly shown the behaviors of the
energy-density for several limiting cases. For points near the string, it behaves as 1/rV+2,
and for points far away from it, presents an exponentially suppressed behavior. Finally, for
a six-dimensional space, we calculated completely all components of the energy-momentum

tensor, and shown they provide the trace identity.
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An interesting point which deserves to be mentioned is that the effects on the renor-
malized VEV of the energy-momentum tensor due to the conical structure of the spacetime
and the magnetic interaction, may cancel each other. This was explicitly observed in Sub-
section B.3 for ¢ = 2 and vy = i, and can be also verified in the results found for the
energy-densities given in (B.2§) and (B.53). In fact, for these specials values, and taking
Ag = 0, the upper and lower components of (R.3() can be expressed as

1 coshu
47272 ginh? u
(=)0 _ 1 1
D @7 = o e 4.1)

DM (2! z) =

with cosh(u) given by (B:24), which coincides with the respective quantities found by
image method,

Dg)(azl,x) — L |: 1 + 1:|

am? (2 p?

_ 1 1 1
ﬂkﬂwz—{———y (12)

d An? |p§ Pl

being pp and p; given in (R.42). In this situation the contributions on the renormalized
VEV of the energy-momentum tensor due to the upper and lower components of the
Feynman propagator cancel each other.

The renormalization procedure adopted in this paper to calculate the vacuum expec-
tation value of the fermionic energy-momentum tensor was the point-splitting one. In this
sense we had analysed the behavior of this quantity at the coincidence limit and extracted
all the divergences in manifest form by using the Hadamard function.® It has been proved
that this procedure provides finite and well defined results [ij]. An alternative regulariza-
tion procedure can also be used. The local (—function procedure leads essentially to the
same conclusions as given by the point-splitting one [iJ]. The DeWitt-Schwinger expansion
of the Green function for an n—dimensional curved spacetime is given in [, 4. So, by
using the dimensional regularization, it follows from the general expression that for the
cosmic string spacetime this expansion contains a single term only,

DS / o Z7T . z 1_n/2 (2)
Cr0) = Ty (“3iz)  Hoa @), (4:3)
where H,52) is the Hankel function of the second kind, 22> = —2m?c being o the one-half

of the square of the geodesic distance. The above function coincides with the Minkowski
Green function. The subtracted contribution due to this function renormalizes the
cosmological constant.

All these regularization procedures lead to the same finite result for renormalized
quantities.

9Because the cosmic string spacetime is locally flat the Hadamard function coincides with the usual
Green one.
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A. The generalization formula of the generating function of modified
Bessel function I,

The method of images applied in (R-2.1) to calculate the Green function associated with
massive fermionic fields in a conical space-time and in the presence of a magnetic flux
running along the string, is an application of the generalization formula of the generating
function for the modified Bessel functions of integer order. It well known that

/2D = N L ()t (A1)

n=—oo

Taking t = e’ we have

ETCOSP Z I zmp ) (A2)

n=—oo
Making the change ¢ — p + &% 27rk in (A.2), and summing over k from 0 until ¢ — 1, we may
write
q—1 fe’e) —
e cos(p+2mk/q) _ Z In(l,)eingp Z ei27rnk/q ] (A3)
k=0 n=-—00
Now using the identity
q—1 00
ez27rnk/q =g Z 571 ma (A4)
k=0 m=—00
we obtain
q—1 00
e cos(pt2mk/q) _ q Z Imq(ac)eimq“o. (A.5)
k=0 m=—00

B. Explicit calculation of F?

In order to find the expression (B.21)) for the limit case analysed, our first steps is to define

a new variable b=z — 1= %. In terms of this variable we may express I £i)f m(z) as:
+) m
e =2 [T s, (B.1)
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being f™)(y) given by (B:23). Using the fact that 62 = (1/2r?)9? we have

82I(i)f7'” _ 1 d2 /
Tl T r2dp? m

Because the integrand is divergent at the point y = b, we have to change the variable

(). (B.2)

y — by before applying the Leibnitz formula for derivative of an integral. So the second
derivative has the form below,

d2 dy (:t)( 1 1 dyy //(:I:)( . f/(:t)(l) f(:l:)(l)(l_2b2)

a7 J, \/m V=), ! iy eaepe 0 B
which can be written as
/ f(:l: / //(:I:)(y) o f/(:t) (y) + f(:t) (y)
d? m m y 7
IO "y
*/1—b (1_b2)3/2' (B.4)
Taking the limit b6 — 0 we obtain
a2 / F — H(y) — /0 dy (B.5)

We can see that the integral above is finite because for small value of y, f(i)(y) —
(a2—1)(11a2+1)+30(5i)2((5i)2—1)2+60a25i(1—5i)y3
18003 :
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